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Fundamentals of Computer Graphics

ÅLecturer

ÅTomas Fabian 

ÅOffice

room EA408, building of FEECS

ÅOffice hours

Tuesday 13:00 ς14:00, Thursday 13:00 ς14:00 (all other office hours are by 
appointment)

ÅEmail

tomas.fabian@vsb.cz

ÅWeb site with additional materials

http://mrl.cs.vsb.cz/people/fabian/zpg_course.html
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Course Targets and Goals

ÅDuring the course, students will become familiar with the fundamental principles 
of 3D computer graphics using the C++ programming language and the OpenGL 
graphics API (optionally Vulkan), and will gain practical experience with shader
programming in GLSL. They will progress through the steps from loading a 3D 
model to its visualization, including working with cameras, transforming objects 
and entire scenes, setting up lighting, working with textures, normal maps, 
shadows, skybox creation, and more.

ÅYou will have hands-on experience with implementation of the here described 
methods and algorithms.
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Course Prerequisites

ÅBasics of programming (C++)

ÅPrevious courses:
ÅNA

ÅTo be familiar with basic concepts of mathematical analysis, linear 
algebra and vector calculus
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Main Topics

ÅIntroduction Computer Graphics. Raster and vector graphics (point, vector, line, curve, etc.). Interpolation. 

ÅGraphics hardware. Introduction to standard rendering pipeline (OpenGL).

Å3D Object representation in CG (polygonal, CSG, procedural, etc.), object topology. Model formats (OBJ, 
FBX). 

ÅTransformations in CG (move, rotation, scale), projective space.

ÅProjections (perspective vs. orthogonal projection), camera, clipping, rasterization.

ÅColors, human eye, light (pointlight, spotlight, directional light, area light). Color mixing (blending).

ÅLighting, local lighting models (Lambert, Phong), global lighting models, BRDF, radiosity, ray-tracing, ambient 
occlusion, shading.

ÅTextures in OpenGL texture units, Texel. UV mapping.

ÅVisible surface algorithms (z-buffer,  painter's algorithm). Skybox, skydome.

ÅBump mapping, normal mapping. Displacement mapping.

ÅShadows in CG, shadow algorithm, shadow maps.

ÅCurves (Bezier curve) .
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Organization of Semester and Grading

ÅEach lecture will discuss one main topic

ÅGiven topic will be practically realized during the following exercises

ÅThe individual tasks from the exercise will be scored (during the last 
week of the semester)

ÅYou can earn a total of up to 45 points. The minimum number of 
points is 20 

ÅThe final combined (written and oral) exam covers topics from the 
previous slide.

ÅYou can earn up to 55 points from the final exam. The minimum 
number of points is 10
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Chat GPT/Copilot AI Policy

ÅFeel free to use them to prepare your project

ÅYou are good enough to pass the class if you are good enough to 
verify their outputs. In other words, you need to be able to justify 
your code

ÅBeware, their outputs are sometimes completely wrong and they 
won't let you know.
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Study Materials

Å[1] Segal, M., Akeley, K.: The OpenGL Graphics System, 2022, 850 pages. 
(online)

Å[2] Gregory, J.: Game engine architecture. AK Peters/CRC Press, 2018.

Å[3] Michael, A.: Graphics Programming Black Book. Coriolis Group, Ames 
Iowa, 2001. (online)

Å[4] Akenine-Moller, T., Haines, E., Hoffman, N.: Real-Time Rendering, Fourth 
Edition, AK Peters/CRC Press, 2018, 1178 pages, ISBN 978-1138627000.

Å[5] https://open.gl/introduction

Å[6] https://learnopengl.com/

Å[7] https:// www.opengl-tutorial.org
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Study Materials

ÅOther free and downloadable materials are at https://www.realtimerendering.com

ÅA large list of graphics books is also at https://www.realtimerendering.com/books.html

Fall 2025 Fundamentals of Computer Graphics 9



Types of Graphics

ÅNon-photorealistic graphics/rendering
ÅArtistic styles

ÅScientific and engineering visualization

ÅData Visualization course

ÅPhotorealistic graphics/rendering
ÅSimulate the image formation process as precisely as possible

ÅPhysically plausible light transport through the scene

ÅTopic of this course
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Photorealistic Image Synthesis

ÅYou will be asked to create an realistically looking image based on a 
mathematical representation of a real or an artificial world
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Real world or 
your 

imagination

Mathematical 
description of light 

behaviour
Artificial image

Mathematical 
representation of the 

scene
(light sources, geometry, materials, 

camers)



Application Areas

ÅFilm industry ςspecial effects or entire scenes/ films

ÅHigh quality rendering for commercials, prints, etc. (CG product 
images)

ÅVideo game industry ςray tracing has recently entered this area 
(earlier e.g. prebaked lights)

ÅArchitecture and design, virtual prototyping

ÅVR and AR (remote assistance and collaboration, conferencing)

ÅVarious kind of simulations (lighting, sound propagation, collision 
detection, creating artificial datasets, etc.)
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Knowledge Base

ÅPhysics
ÅRadiometry and photometry
ÅModels of light interaction with various materials
ÅTheory of light transport (mainly laws of geometrical optics)

ÅMathematics
ÅLinear algebra

ÅInformatics
ÅSoftware engineering
ÅProgramming

ÅVisual perception and Art
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Levels of Realism
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Surface color

Diffuse shading, point 
light, no shadows

Diffuse shading, point 
light, hard shadows

Diffuse shading, area light 
source, soft shadows

Diffuse inter-reflections, 
area light source



Direct vs. Global Illumination

ÅDirect illumination
ÅA surface point illumination is computed directly from all light sources by the 

direct illumination model

ÅGlobal illumination
ÅA surface point illumination is given by the complex light rays interaction with 

the entire scene
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Basic Math Operations

ÅL2 norm ╪ ╪ ╪ ╪ ╪ɇ╪

Unit vector ╪
╪

╪
and it holdsthat ╪ ρ
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Basic Operators

ÅDot product

╪ɇ╫ ╪╫ ὥὦ ╪ ╫ ÃÏÓ‌

where ‌is an angle clamped between both vectors

ÅCross product

╪ ╫

░ ▒ ▓
ὥ ὥ ὥ

ὦ ὦ ὦ

π ὥ ὥ

ὥ π ὥ
ὥ ὥ π

ὦ
ὦ

ὦ

ὥὦ ὥὦ

ὥὦ ὥὦ
ὥὦ ὥὦ

Not commutative, follows the right hand rule, it also holds that

╪ ╫ ╪ ╫▪ÓÉÎ‌and ╪ ╫ ╪ ╫ ÓÉÎ‌
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Basic Operators

Å(Vector) projectionof ▬on ▲

ÐÒÏÊ▲▬ ▬▲
▬ɇ▲

▲
▲ ▬ɇ▲▲

▲

ή ήή ήή

ήή ή ήή

ήή ήή ή
▲▲

ὴ
ὴ
ὴ

Matrix notation may be useful for repeated projections

ÅScalar projection of ▬on ▲

ÓȢÐÒÏÊ▲▬ ▬▲ ▬
▬ɇ▲

▬ ▲

▬ɇ▲

▲
▬ɇ▲
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Basic Operators

Å(Vector) projectionof ▬on ▲
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▬

▲

▬ ÓÉÎ— ▬ ▲

▬ ÃÏÓ— ▬ɇ▲

—



Basic Math Operations

ÅOtheruseful formulas

Å╪ ╫ ╪ɇ╪ ╪ɇ╫ ╫ɇ╫

ÅLagrange's identity ╪ ╫ ╪ ╫ ╪ɇ╫
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Rotations

ÅCounterclockwise rotation in 2D about the origin by angle ‌

╪
ÃÏÓ‌ ÓÉÎ‌
ÓÉÎ‌ ÃÏÓ‌

╪

ÅElementary counterclockwise rotations in 3D

Ὑ
ρ π π
π ÃÏÓ‌ ÓÉÎ‌
π ÓÉÎ‌ ÃÏÓ‌

, Ὑ
ÃÏÓ‌ π ÓÉÎ‌
π ρ π
ÓÉÎ‌ π ÃÏÓ‌

, Ὑ
ÃÏÓ‌ ÓÉÎ‌ π
ÓÉÎ‌ ÃÏÓ‌ π
π π ρ

Arbitrary rotation may be decomposed into three components (3 Euler angles), non 
commutative ςorder of rotations matters (complicated interpolation, gimbal lock)
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Rotations

ÅCounterclockwise rotation of point ╪around arbitrary unit axis ►by angle ‌
(Rodrigues' rotation formula)

╪ ρ ÃÏÓ‌ ╪ɇ►► ÃÏÓ‌╪ ÓÉÎ‌► ╪
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Vertices

ÅA point (corner or node) where two edges (lines) meet

ÅThe connectedness between the vertices defines a mesh's topology

ÅBeside the position, vertices may have other attributes: color, normal (tangent, 
bitangent), texture coordinates, etc.
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Geometry
Position of vertices

Topology
Connectivity/neighborhood 

Topology is the mathematical study of the properties that 
are preserved through deformations, twistings, and 
stretchingsof objects. Tearing, however, is not allowed.

Topological equivalence
(homeomorphism, homotopy)

Torus

Mug

Graph embedding



Edges

ÅConnection of two vertices

ÅBoundary (1 incident face)

ÅRegular (2 incident faces)

ÅSingular (3 or more incident faces)
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edge
vertex vertex



Faces

ÅThe flat surface on a shape or a solid is known as its face

Fall 2025 Fundamentals of Computer Graphics 25

face



Manifold
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ÅA ὲ-dimensionalmanifold is a topological space that locally resembles 
(homeomorphic) ὲ-dimensionalEuclidean space near each point

Å1-manifolds includelines and circles(not a lemniscateorЊ)

Å2-manifold (surface) includeplane, sphere(genus 0), torus (genus 1), Klein bottle
(not orientable), aǀōƛǳǎstrip (closedand not orientable), realprojectiveplane 
(closed, non-orientable), triangle (smoothmanifoldwith boundary)

ÅTheorem:
ÅEveryorientableand closedsurfaceishomeomorphicto a connectedsum of tori

ÅEverysurface ishomeomorphicto a connected sum of tori and/or projective planes



Smoothness

ÅReminder: a function iscalledὅ continuousif ƛǘ ǎὲ-th order derivativeis
continuouseverywhere

ÅParametriccontinuityexamples:
ÅNot continuous

ÅPositioncontinuity ὅ

ÅPosition and tangent continuity  ὅ

ÅPosition, tangent, and curvature continuity  ὅ
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\\

Geometric continuity examples, source: Autodesk Alias Workbench

Geometric continuity requires that 
the parametric derivatives of the two 
segments be proportional to each 
other, not equal

Ὃ Ὃ Ὃ



Manifold Meshes (with Boundaries)

ÅNo singular edges

ÅNo singular vertices

ÅSimples data structure

ÅPolygon soup ςlist of faces formed by n-tuple of vertices

ÅNo (explicit) information about adjacency (can be stored in adjacency list)

ÅPossible extension with indexing (lower memotyreq.)

(note that shared vertices must have same atributes)
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Ὂ ○, ○, ○ Ὂ

Ὂ ○, ○, ○ Ὂ, Ὂ

Ὂ ○, ○, ○ Ὂ

○

○

○ ○

○

Ὂ
Ὂ

Ὂ

Singular edge

Face orientation (CW or CCW) 
is given by the order in which 
the vertices are listed



OBJ Format

v  14.363998 - 19.782551 78.445435

v  14.106861 - 19.928997 78.699089

v  13.828163 - 19.789648 78.457726

v  14.051285 - 19.662575 78.237625

v  14.953951 - 19.069986 77.211243

v  14.877973 - 19.261126 77.542297

vn - 0.111118 0.910786 0.397570

vn 0.132542 0.566302 - 0.813439

vn 0.192175 0.622958 - 0.758245

f 1//1 2//2 3//3 

f 4//1 5//2 6//3
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Winged-Edge

ÅStructure is also valid for non-orientable manifolds
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○

○

Å Å

Å Å

Ὂ ὊÅ



Half-edge Data Structure (DCEL)

ÅStructure is valid only for orientable manifolds
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vertex

(previous)

next

face Å twin



Euler Characteristic…

ÅSimplified Euler'sformulafor anyconvexpolyhedron'ssurface

ὠ Ὁ Ὂ ςὛ …

ÅGeneralizedformulaallowingholes

ὠ Ὁ Ὂ ὒ ςὛ Ὄ

ὒΧ numberof holesin faces(inner loops)

ὌΧ numberof holespassingthroughthe wholesolid (genus)

ὛΧ numberof disjontcomponents(shells, solids) 
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ψ ρς φ ςρ

ςς σσ ρτ σ ςρ ρ

The Euler-tƻƛƴŎŀǊŞformula describes the 
relationship of the number of vertices, the 
number of edges and the number of faces of 
a manifold. It has been generalized to include 
potholes and holes that penetrate the solid.

A homeomorphism is a 
bijection that is continuous 
and its inverse is also 
continuous.



Pinhole Camera Model

ÅIdealized model for the optics of a camera defining the geometry of 
perspective projection

,   
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ὭΧ image point coordinates
έΧ ƻōƧŜŎǘ Ǉƻƛƴǘ ŎƻƻǊŘƛƴŀǘŜǎ

Ɇ

Ɇ

Ɇ

ὼ

ὼ

ᾀ

Ὢ

ÆÏÃÁÌÐÏÉÎÔ(center of projection)

ÏÐÔÉÃÁÌÁØÉÓ

ÏÂÊÅÃÔÐÌÁÎÅÉÍÁÇÅÐÌÁÎÅ

Similar triangles: All the corresponding 
sides have lengths in the same ratio.



Primary Ray Generation in Camera Space
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Ɇ

Ɇ
ὕ▀╒ ȩ

ὼȟώ

Ɇ

Ɇ

πȢυȟπȢυ

ύ πȢυȟὬ πȢυ

π ρ ς σ

ρ

ς

σ

πȢυ

ρȢυ

ςȢυ

Ɇ

ρȢυπȢυ ςȢυ
π

ὼ

ώ

Image/sensor plane

Known cameraparameters:
ὕ, Ὕ, width ύ, heightὬ, Ὢέὺ

Ὢ Ὢ ȩ(px)

▀╒ ὼ ϳύ ςȟϳὬς ώȟὪ

What would we deal with in 
the case of a real camera

What will we deal with in the 
case of an imaginary camera



Result of First Exercise
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Representation of Direction in 3D

ÅCartesian coordinates

▀ ὨȟὨȟὨ , ▀ ρ

ÅSpherical coordinates (physics and ISO convention)

Å‫ —ȟ•

ÅPolar angle (theta)— ÃÏÓὨᶰἂπȟἃ“

ÅAzimuthal angle(phi)• ÔÁÎ ᶰἂπȟς“
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Ὠ ÓÉÎ—ÃÏÓ•
Ὠ ÓÉÎ—ÓÉÎ•

Ὠ ÃÏÓ—

In C/C++, we can compute the azimuthal angle as • ÁÔÁÎʧÆὨȟὨ
ς“ Ὠ π

π ÏÔÈÅÒ×ÉÓÅ



Affine and Projective Spaces

ÅAffine space
ÅSet ὠof vectors and set ὖof points

ÅAffine transformations can be represented by 3Ҏ3 matrix

ÅProjective space
ÅHomogeneous coordinates (ὼ, ώ, ᾀ, ύ)

ÅAll lines intersect (space contains infinity ὼȟώȟᾀȟπ)

ÅProjective transformations can be represented by 4Ҏ4 matrix (inc. translation 
and perspective projection)

ÅCartesian to homogeneous coordinates: ὼȟώȟᾀᴼ ὼȟώȟᾀȟρ

ÅHomogeneous to Cartesian coordinates: ὼȟώȟᾀȟύ πᴼ ὼȾύȟώȾύȟᾀȾύ
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Combination of Points

ÅLet have an affine space ὃmodeled on a vector space ὠ, points ὖȟὗᶰὃ, and vectors ὺȟύᶰὠ
and axioms ὗ ὖᶰὠand ὖ ὺᶰὃ

ÅSuppose we want to define a combination of points like this
‌ὖ ‌ὖ Ễ ‌ὖ

ÅAt first glance, that doesn't make sense ςpoints cant be added directly. So we can fix one point 
(say P) as a reference. Then, each point can be expressed as

ὖ ὖ ὖ ὖ , where ὖ ὖ ᶰὠ

ÅPlugging this into the combination above yields
‌ὖ Ễ ‌ὖ ‌ ὖ ὖ ὖ Ễ ‌ ὖ ὖ ὖ

ÅAfter simplification we get
‌ Ễ ‌ ὖ ‌ ὖ ὖ Ễ ‌ ὖ ὖ

ÅIffВ‌ ρᵼὖ ‌ ὖ ὖ Ễ ‌ ὖ ὖ is ok as ὖ ὖᶰὠand ὖ ὺɴ ὃ
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See mrl.cs.vsb.cz/people/fabian/zpg/rcs.pdf for examples



(Model) Transformation Matrix

ÅWith homogeneous coordinates

ὓ▬ Ὑ ◄

π π π ρ

ὴ
ὴ
ὴ
ὴ

ÅVector ◄represents translation 

ÅMatrix Ὑrepresents rotation or scaling or shear or their combinations

Ὑ

ί π π
π ί π

π π ί
,Ὑ

ρ π ί
π ρ π
π π ρ
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where
ὙᶰὛὕσ group
ὓᶰὛὉσ Lie group
(differentablemanifold)
◄ɴ ᴙ



View Matrix

ÅWe can simply setup the view matrix as follows

◑
▄◄

▄◄
, ●

◑

◑
, and ◐ ◑ ●,

where the vector ▄represents position of the camera (eye), ◄is the target position and όὴ
ƛǎ ŀƴ ŀǳȄƛƭƛŀǊȅ ǾŜŎǘƻǊ ƳŀǊƪƛƴƎ αǳǇά ŘƛǊŜŎǘƛƻƴ όŀ ǳƴƛǘ ǾŜŎǘƻǊ ƴƻǘ ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ƻǇǘƛŎŀƭ ŀȄƛǎύ

We can arrange the final transformation matrix 

ὠ

ể ể ể ể
● ◐ ◑ ▄
ể ể ể ể
π π π ρ

(transforms vectors from eye space to world space)

Åὠtransforms vectors from world space to eye space (and that's what we need now)
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π
ρ



Different Coordinate Systems
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OpenCV

OpenGL

Unity

Unreal

ROS

3ds max

Ὕ

ρ π π π
π π ρ π
π ρ π π
π π π ρ



Projection Matrix 1/4

ÅFrom similar triangles we get
ὺ

ὺ

ὺ

ὺ
ᵼὺ ὺ

ὺ

ὺ
ὲ
ὺ

ὺ

where ὲis a (positive) distance of (near) projection plane

This transformation can be performed by the following homogenous 
matrix

Ὀ

ὲ π π π
π ὲ π π
π π ὲ π
π π ρ π

; Ὀ
○
ρ

ὲὺ
ὲὺ
ὲὺ
ὺ

ᵼ ○

ὲ

ὲ

ὲ
Note that this perspective transformation discards information about 
vertex depth and we will not be able to remove hidden surfaces later
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○

eye

○

(near) plane

ὲ

ὼ
ώ

ᾀ

After perspective 
division we get

All vertices have 
the same depth



Projection Matrix 2/4

ÅTo fix the depth loss we may incorporate pseudodepth such that 
points on the near plane will be given a depth of ρand points on 
the far plane will be at ρ

ÅWe just need to solve ὺ for ὥand ὦwhat gives us a set of 

two equations as follows

ρ , ρ

Solutionὥ , ὦ for Ὢ ὲand Ὢὲ πyields the new form 

of projective transformation matrix

Ὀ

ὲ π π π
π ὲ π π
π π ὥ ὦ
π π ρ π

;Ὀ
○
ρ

ὲὺ
ὲὺ

ὥὺ ὦ
ὺ

ᵼ○

ὲ

ὲ
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○

eye

○

far plane

near plane

Ὢ

ὲ

ὼ
ώ

ᾀ

ρ

ρ

pseudodepth

◊
◊

◌ ◌

Note that projected points are in LHS (compare 
the orientation of ᾀand pseudodepth)Instead of a linear transformation of ὺ (i.e. ὲὺ) 

we can use a more general affine transformation 
(i.e. ὥὺ ὦ) to solve the problem with the 
same depth of vertices in a single line of sight.



Projection Matrix 3/4

ÅNormalization transformation to NDC

ὔ

ςȾύ π π π
π ςȾὬ π π
π π ρ π
π π π ρ

where ύ ςὲÔÁÎὪέὺȾς and Ὤ ςὲÔÁÎὪέὺȾς ύȾὥίὴὩὧὸ
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Note that the pseudo depth is 
already normalized

ύ

ὲ

1-1

Ὢέὺ

We needto normalizethe actualwidth of
the nearplane ύinto the rangeof ρȟρ

Ὢέὺ

Ὢέὺ
Ὢέὺ



Projection Matrix 4/4

Åὖ ὔὈ

ςȾύ π π π
π ςȾὬ π π
π π ρ π
π π π ρ

ὲ π π π
π ὲ π π
π π ὥ ὦ
π π ρ π

ρȾÔÁÎὪέὺȾς π π π
π ρȾÔÁÎὪέὺȾς π π

π π ὥ ὦ
π π ρ π

where ὥ and ὦ . Also note that ρȾÔÁÎὪέὺȾς ὥίὴὩὧὸȾÔÁÎὪέὺȾς or 

ρȾÔÁÎὪέὺȾς ρȾὥίὴὩὧὸÔÁÎὪέὺȾς
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Use when the clip control origin 
is lower left and ɀwhen upper left



Perspective Projection
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eye ὼ

ώ

ᾀ

ρ

ρ

○
○

Ὢ

ὲ

ύ

Ὤ

Ὢέὺ

Ὢέὺ

ὼ

ώ

ᾀ

Note that the near plane is the projection plane



Fall 2025 Fundamentals of Computer Graphics 47

Orthographic Projection Matrix

Åὖ ὔὈ

ςȾύ π π π
π ςȾὬ π π
π π ρ π
π π π ρ

ρ π π π
π ρ π π
π π ὥ ὦ
π π π ρ

ςȾύ π π π
π ςȾὬ π π
π π ὥ ὦ
π π π ρ

where ὥ and ὦ .

Solve the set of two equations
ρ ὥ ὲ ὦ, ρ ὥ Ὢ ὦ

forὥand ὦ

Also note thatύand Ὤare just the physical
dimensionsof both nearand far planes



Example
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M should be D matrix here



Review of Coordinate Systems

Model (local, object) space

Model matrix ὓ

World space

View matrix ὠ

View (eye, camera) space

Projection matrix ὖ

Clip space

Perspective division

Normalized device coordinates

Viewport transform

Screen space
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Normal Vectors Transformation

ÅWe cannot multiply -6matrix and normals as we do with vertices

Å-6matrix contains translation part which will clearly affect (damage) the normal

ÅNormal vector ▪ has to be transformed in a different way, by -6 matrix

Model-Viewmatrix -6 ὠὭὩύɇὓέὨὩὰ

e.g. ○ -6○

Model-View normal matrix -6 ὠὭὩύɇὓέὨὩὰ

e.g. ▪ -6▪
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Normal Vectors Transformation

ÅIf -6is orthonormal (rotation and translation only, no non-uniform scale or 
shear), then -6 = mat3(-6) (no inverse-transpose needed)

ÅDerivation(for model matrix ὓ): For a tangent vector ○and a normal ▪we must 
preserve the orthogonality condition ▪ɇ○ π. With positions transformed by ὓ:

○ ὓ○, ▪ɇ○ πfor ○ᶅḊ▪ɇ○ π.

We want ▪ ὓ○ πwhenever ▪○ π. This implies
ὓ ▪ ○ ▪╣○ ᵼ ὓ ▪ ▪

so

▪ ὓ ▪ ὓ ▪.
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Do the PerspectiveDivisionin VS or FS?

ÅIf the transformation we perform in VS is non-linear(i.e., it includesperspectivedistortion), we must 
deferperspective divisionto FSso that OpenGLcanperformperspective-correct interpolation. 
Otherwise, we canpassvec3 directly from VS to FS to savesomebandwidthand computational
resources, becausew coordinateisalwaysequalto 1

ÅVertex shader
layout ( location = 0 ) in vec4 in_position_ms ; // (x, y, z) - > (x, y, z, 1)
layout ( location = 1 ) in vec3 in_normal_ms ;

uniform mat4 mvp; // Model View Projection
uniform mat3 mvn; // Model View Normal (must be orthonormal)

out vec4 position_cs ;
out vec3 normal_ws;

void main( void ) {
position _cs = mvp * in_position_ms ; / / model- space - > clip - space
normal_ws = mvn * in_normal_ms // model - space - > world - space

}

ÅFragment shader
void main( void ) {

vec3 p osition = position _cs.xyz / position _cs.w ; // deferring perspective division after interpolation

}
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Camera Movement

ÅIn case of our camera model, all we know are vectors view from and view at 
(other parameters like field of view or resolution are unimportant here)

ÅWe may use two angles (yaw and pitch) to describe the rotation of our camera 
around the point view from (our eye). We will not allow camera roll
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ὼ

ώ

ᾀ

pitchόǎƪƭƻƴκǎǘƻǳǇłƴƝύ

yawόƪǳǊǎκȊŀǘƻőŜƴƝύ

roll όƴŀǘƻőŜƴƝύ

To avoid gimbal lock and 
unwanted view flipping, we 
should restrict the range of pitch 
angle, e.g. ψπЈ



Camera Movement

ÅThe question is how to initialize these two angles from known view from and 
view at vectors

ÅIf we assume our "zero" rotation position heading toward y-axis, we may 
compute yaw and pitch angle as follows

yaw = atan2f( view_dir.y , view_dir.x ) ƵM_PI_2;

pitch = acosf ( - view_dir.z ) ƵM_PI_2;

ÅNote that the view_diris normalized viewing direction vector. 
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Camera Movement

ÅAfter change of any angle, we need to update view at vector.

ÅTo do so, we pitch our initial "zero" rotation vector around x-axis and then we 
apply yaw around z-axis

ÅUpdating the view at vector is straightforward and the whole process can be 
summarized as follows

Vector3 new_view_dir = Rz( yaw ) * Rx( pitch ) * Vector3( 0, 1, 0 );

new_view_dir.Normalize ();

view_at = view_from + new_view_dir ;
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Mouse and Keyboard Inputs in GLFW

ÅGLFW provides many kinds of input.

ÅAll input callbacks receive a window handle allowing us to reference user pointer 
(e.g. our class Rasterizer) from callbacks

glfwSetWindowUserPointer / glfwGetWindowUserPointer

ÅNote that the key press event is reported only once and the repeat event occurs 
after a while what induces a delay.

ÅUse raw mouse motion (as well as hidden cursor) for better control of the camera 
rotation

ÅFor further reference, see https://www.glfw.org/docs/3.3/input_guide.html
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OpenGL

ÅOpen Graphics Library for rendering 2D and 3D vector graphics

ÅModern GPUs accelerate almost all OpenGL operations to achieve real-time 
framerates

ÅAPI released by SGI (OpenGL Architecture Review Board ARB) in 1992

ÅSince 2006 managed by the consortium Khronos Group

ÅMultiplatform, cross-language, client-server (same or different address space or 
computer)

ÅHW vendor extensions are possible

ÅCurrent version is 4.6 (core profile, compatibility profile, shading language GLSL 
4.60)

Åhttps://www.khronos.org/registry/OpenGL/index_gl.php
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OpenGL

Å1.0 (1992) ςfirst release

Å1.1 (1997) ςtexture objects

Å1.2 (1998) ς3D textures, BGRA

Å1.2.1 (1998) ςARB extension concept

Å1.3 (2001) ςmultitexturing

Å1.4 (2002) ςdepth textures

Å1.5 (2003) ςvertex buffer objects

Å2.0 (2004) ςshaderobjects (GLSL)

Å2.1 (2006) ςpixel buffer objects, sRGB

Å3.0 (2008) ςframe buffer objects

Å3.1 (2009) ςinstancing, TBO, UBO

Å3.2 (2009) ςgeometry shader

Å3.3 (2010)

Å4.0 (2010) ςtessellation

Å4.1 (2010)

Å4.2 (2011) ςatomic counters

Å4.3 (2012) ςdebug output*

Å4.4 (2013) ςbindless textures

Å4.5 (2014) ςadditional clip control

Å4.6 (2017) ςSPIR-V language
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For further reference see https://www.khronos.org/opengl/wiki/History_of_OpenGL
(*) https://www.khronos.org/opengl/wiki/Debug_Output



Other Graphics APIs

ÅSGI IRIS GL, 3dfx Glide, Microsoft DirectX 12, Apple Metal 3, AMD 
Mantle, Vulkan 1.2 (initially released in 2016)
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OpenGL vs Vulkan
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OpenGL vs Vulkan
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OpenGL

ÅOpenGL is a pipeline concerned with processing data in GPU memory

Åprogrammable stages

Åstate driven fixed-function stages

ÅOpenGL ES (subsets of OpenGL + some specific functionality) is a royalty-free, 
cross-platform API for full-function 2D and 3D graphics on embedded systems 
such as mobile phones, game consoles, and vehicles

ÅWebGL is a cross-platform, royalty-free web standard for a low-level 3D graphics 
API based on OpenGL ES

ÅSPIR-V is a binary intermediate language for representing graphical-shader stages 
and compute kernels for multiple Khronos APIs, such as OpenCL, OpenGL, and 
Vulkan
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OpenGL

ÅOpenCL is an open, royalty-free standard for cross-platform, general purpose 
parallel programming of processors found in personal computers, servers, and 
mobile devices, including GPUs.

Åinterop methods to share OpenCL memory and image objects with 
corresponding OpenGL buffer and texture objects
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Position, color, normal, 
texture coords. etc.

OpenGL Context
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interaction

Command
draw

Vertices

Primitives

Shaders
Context 

state

API calls change current context

Processed independently, in 
order, and in the same way

Framebuffers

Window system provided (default framebuffer) or 
application created (framebuffer objects ςFBOs)

Internal global state owning OpenGL 
objects (textures, buffers, shaders)



OpenGL Context

ÅOpenGL is a state machine (collection of variables)

ÅLǘΨǎ ŎǳǊǊŜƴǘ ǎǘŀǘŜ ƛǎ ǊŜŦŜǊǊŜŘ ǘƻ ŀǎ ǘƘŜ hǇŜƴD[ ŎƻƴǘŜȄǘ

ÅC-library API consist of state-changing functions

struct Object {
int option_1;
float option_2;

};

struct OpenGLContext {
ObjectName * object_Target = 0;

} opengl_context;

GLuint object_id = 0;
glGenObject( 1, &object_id );
glBindObject( GL_TARGET, object_id ); // bind before usage
// set the properties of object currently bound to the given target
glSetObjectOption( GL_TARGET, GL_OPTION_1, 123 );
glSetObjectOption( GL_TARGET, GL_OPTION_2, 3.14 );
glBindObject( GL_TARGET, 0 ); // set context target back to default
glDelete( 1, &object_id );
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OpenGL allows binding to several buffers at once 
as long as they have a different type/target



OpenGL Pipeline
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Transforms 3D coordinates into 
different 3D coordinates and allows 

some basic processing on the 
vertex attributes

Assembles all the points in the 
primitive shape (e.g. point, line, 

triangle)

Emmits new vertices to generate 
new primitives

Maps the resulting primitives to the 
corresponding pixels and performs 

clipping

Calculate the final color of a pixel

Alpha test and blending stage

List of all available shadertypes:
GL_VERTEX_SHADER, GL_TESS_CONTROL_SHADER, 
GL_TESS_EVALUATION_SHADER, GL_GEOMETRY_SHADER, 
GL_FRAGMENT_SHADER, GL_COMPUTE_SHADER



General Pipeline of ShaderModel 4.0
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Source: SZIRMAY-KALOS, [łǎȊƭƽΤ {½;/{LΣ 
[łǎȊƭƽ; SBERT, Mateu. GPU-based 
techniques for global illumination 
effects. Synthesis Lectures on Computer 
Graphics and Animation, 2008



Coordinates Transform Pipeline
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After this point, only the 
vertices/fragments inside the 
range <-1.0, 1.0> (NDC) on all 
three axis will be visible



Phong Reflection Model
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Illustration of the components of the Phong reflection model (Ambient, Diffuse and Specular reflection)
Source: Brad Smith

ÅDesigned by Bui Tuong Phong in 1975

ÅBaseline shading method for many rendering applications



Phong Reflection Model

Fall 2025 70Fundamentals of Computer Graphics

ÅOriginaldefinition

╒ ╘□ В ╘□ ▪ɇ■ ╘□ ○ɇ■ where

■ ς▪ɇ■▪ ■

For a white source set ╘ ╘ ╘ ρȟρȟρ. You can alsoextend the model with attenuation based on 
distance from the source.
Thematerialdefinition includesambient, diffuse, and specular colors, and a realvalue‎called shininess

▪

○▀

■■

●



Reflection
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▪
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Result of Second Exercise

Fall 2025 Fundamentals of Computer Graphics 72



ÅWe can easily see that normal cannot be represented in RGB space directly

Normal Shader
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Note that the z-axis, resp. the blue color axis, 
are omitted for the sake of brevity

▪
▪ ρȟρȟρ

ς

ρ

ρ

ρ

ρ

ὼȟὙ

ώȟὋ

π

▪ ρȟπȟπ

▪

RGB color space
(unit cube)

Space of possible normals
(unit sphere)

Space of possible 
αŎƻƭƻǊƛȊŜŘά ƴƻǊƳŀƭǎ
(sphere with unit 

diameter and centered 
at (0.5, 0.5, 0.5))



RGB vs sRGB Color Spaces

ÅRGB color space is any additive color space based on RGB color model that 
employs RGB primaries (i.e. red, green, and blue chromacities)

ÅPrimary colors are defined by their CIE 1931 color space chromacity coordinates 
ὼȟώ

ÅSpecification of any RGB color space also includes definition of white point and 
transfer function

ÅsRGB is one of many (but by far the most commonly used) color spaces for 
computer displays

ÅOur renderer will produce sRGB images
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Specifications of RGB color spaces
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Source: https://en.wikipedia.org/wiki/RGB_color_space

D65 0.64 0.33 0.15 0.06

0.30 0.60



Color Gamut

ÅA color gamut is defined as a range of colors that a 
particular device is capable of displaying or recording

ÅLǘ ǳǎǳŀƭƭȅ ŀǇǇŜŀǊǎ ŀǎ ŀ ŎƭƻǎŜŘ ŀǊŜŀ ƻŦ ǇǊƛƳŀǊȅ ŎƻƭƻǊǎ ƛƴ 
a chromaticity diagram. The missing dimension is the 
brightness, which is perpendicular to the screen or 
paper

ÅColor gamut is displayed as a triangular area enclosed 
by color coordinates corresponding to the red, green, 
and blue color
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CIE 1931 XYZ color space



Color Gamut

ÅsRGB - by far the most commonly used color space for computer displays

ÅNTSC ςstandard for analog television

ÅAdobe RGB (1998) - encompass most of the colors achievable on CMYK color 
printers, but by using RGB primary colors on a device such as a computer display

ÅDCI-P3 ςspace for digital movie projection from the American film industry

ÅEBU ςEuropean color space surpassing the PAL standard

ÅRec. 709 - shares the sRGB primaries, used in HDTVs

ÅRec. 2025 ς4K or 8K resolution at 10 or 12 bits per channel

ÅRemember that 72% NTSC is not sRGB (which is often claimed). Matching the 
ratios of the color gamut areas does not necessarily guarantee the ability to 
achieve the same image (the degree of overlap of the triangles is important and 
not the ratio of their areas).
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Linear sRGB and Gamma Compressed sRGB

ÅImages displayed on monitors are encoded in nonlinear sRGB color space to 
compensate the transformation of brightness the monitor does

ÅOur render has to work in linear space as we are using linear operations with 
colors

ÅEvery texel and material color have to be processed in linear sRGB color model

ÅOnly the final color values stored in framebuffer are converted back to gamma 
compensated sRGB values

ÅIssue with blending two sRGB colors in non-linear color space:

╒ ‌═ ρ ‌║ doesn work well

╒ ‌═ ρ ‌║ correct

╒ ὝέὛὙὋὄ‌ὝέὙὋὄ═ ρ ‌ὝέὙὋὄ║ correct
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Note the undesirable dark 
silhouettes when mixing two 
colors directly in sRGB space 
(created in paint.net)



Gamma Correction

ÅThe human visual system response is logarithmic, not linear, resulting in the 
ability to perceive an incredible brightness range of over 10 decades

ÅGamma characterizes the reproduction of tone scale in an imaging system. 
Gamma summarizes, in a single numerical parameter, the nonlinear relationship 
between code value(in an 8-bit system, from 0 through 255) and luminance. 
Nearly all image coding systems are nonlinear, and so involve values of gamma 
different from unity

ÅThe main purpose of gamma correction is to code luminance into a perceptually-
uniform domain, so as optimize perceptual performance of a limited number of 
bits in each channel
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Source: POYNTON, Charles A. The rehabilitation of gamma, 2000.



sRGB Transfer Functions

ÅFunction returns gamma-expanded (or linear) 
sRGB values from gamma-compressed (or non-
linear) sRGB values

float c_linear( float c_srgb, float gamma = 2.4f )
{

if ( c_srgb <= 0.0f ) return 0.0f;
else if ( c_srgb >= 1.0f ) return 1.0f;

assert( ( c_srgb >= 0.0f ) && ( c_srgb <= 1.0f ) );

if ( c_srgb <= 0.04045f )
{

return c_srgb / 12.92f;
}
else
{

const float a = 0.055f;
return powf( ( c_srgb + a ) / ( 1.0f + a ), gamma );

}
}

ÅFunction returns gamma-compressed (or non-
linear) sRGB values from gamma-expanded (or 
linear) sRGB values

float c_srgb( float c_linear, float gamma = 2.4f )
{

if ( c_linear <= 0.0f ) return 0.0f;
else if ( c_linear >= 1.0f ) return 1.0f;

assert( ( c_linear >= 0.0f ) && ( c_linear <= 1.0f ) );

if ( c_linear <= 0.0031308f )
{

return 12.92f * c_linear;
}
else
{

const float a = 0.055f;
return ( 1.0f + a )*powf( c_linear, 1.0f / gamma ) - a;

}
}
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Tone-mapping

ÅA process which maps an input image of high dynamic range (HDR) to a limited 
low dynamic range (LDR)

ÅTypical output devices such as LCD monitors have LDR (i.e. accept values with a 
very narrow range of πȟρ)

ÅA ray tracer produces linear HDR outputs with a potentially unlimited range of 
ἂπȟЊ

ÅWe need to scale down these HDR values into LDR somehow

ÅWe can use various (tone)-mapping operators (or functions) to do so
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Background (Environment) Images

ÅCube map ςsix square textures ὼȟώȟᾀ

ÅFirstly, select the one of the six maps

ÅSecondly, compute όand ὺcoordinates
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Source: http://www.humus.name

From similar triangles we can easily see that 
Ȣ

Ȣ
and after the 

normalization of όwe get ό . The same holds for ὺ

coordinate.

Based on the index of largest component 

in absolute value of directional vector ▀
select the one of the six square maps.



Textures Bilinear Interpolation

ÅColors (or other values) obtained from textures should be interpolated using 
bilinear interpolation at least
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Nearest neighbor interpolation Bilinear interpolation

1 sppat pixel center 1 random spp 1 sppat pixel center

Ҏ Ҏ



Bilinear Interpolation
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Source: https://en.wikipedia.org/wiki/Bilinear_interpolation

ÅNumber of required samples

ÅNearest neighbor: 1 sample

Å2D bilinear interpolation: 2Ҏ2=4 samples

Å2D bicubicinterpolation: 4Ҏ4=16 samples

Nearest neighbor Bilinear Bicubic



Bilinear Interpolation
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ÅFor more detailed explanation refer to the link below

Source: https://en.wikipedia.org/wiki/Bilinear_interpolation

This is the resulting value of interpolated quantity at the point ὖ



Composition

ÅIn the case of the image from the previous slide, the color ╒ from Ὥ-th hit point 
on opaque dielectric surface is computed as follows

╒ ╒ ╒ Ὑ—

where 

╒ ■ □ ■ȟ▬‮ □ ■ɇ▪ □ ■ɇ○ ,

╒ is color returned by the reflected ray, and Ὑis Schlick'sapproximation of hit 
point reflectivity
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Visibility function between the hit point 
▬and the position ■of an omni light

Color of the light source, e.g. ρȟρȟρ



Composition

newmtl white_phong 6887_allied_avenger.mtl
Ns 20
Ni 1.460
Ka 0.01 0.01 0.01
Kd 0.95 0.95 0.95
Ks 0.8 0.8 0.8  
shader 3

newmtl black_phong
Ns 20
Ni 1.460
Ka 0.01 0.01 0.01
Kd 0.1 0.1 0.1
Ks 0.8 0.8 0.8
shader 3

newmtl white_phong_4150p04
Ns 20
Ni 1.460
Ka 0.01 0.01 0.01
Kd 0.95 0.95 0.95
Ks 0.8 0.8 0.8
map_Kd4150p04.jpg
shader 3

newmtl white_phong_3069bp13
Ns 20
Ni 1.460
Ka 0.01 0.01 0.01
Kd 0.95 0.95 0.95
Ks 0.8 0.8 0.8
map_Kd3069bp13.jpg
shader 3

newmtl green_glass
Tf 0.4 0.001 0.4   
Ni 1.5
shader 4
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Notes:

Ka, Kd, and Ksare treated as RGB 
values stored in sRGBgamma 
compressed space to match values 
stored in texture files

Tf (in case of shader4 - glass) is 
treated as RGB value representing 
attenuation coefficient

Recursion depth is set to 10



Diffuse Material

ÅIncident ray is scattered at many angles

ÅIdeal diffuse material is said to be Lambertian= equal luminance (radiance) when 
ǾƛŜǿŜŘ ŦǊƻƳ ŀƭƭ ŘƛǊŜŎǘƛƻƴǎ ƭȅƛƴƎ ƛƴ αǳǇǇŜǊά ƘŜƳƛǎǇƘŜǊŜ

ÅGood examples of solid diffuse reflectors are plaster, paper, or polycrystalline 
materials (exhibit subsurface scattering mechanism caused by internal 
subdivisions)

ÅFew materials do not cause diffuse reflection: metals (do not allow light to enter), 
gases, liquids, glass, and transparent plastics
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Local Reference Frame

ÅHemisphere samples generated in RS must be (at some point in the ray tracing 
pipeline) transformed to WS
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▫

▫

●

●

●

In the case of isotropic BRDFs, the rotation of vectors 
▫ and ▫ around the normal ▪does not matter

‫ Ὕ ᴼ ‫



Local Reference Frame

Å5ŜǊƛǾŜ ǘǊŀƴǎŦƻǊƳŀǘƛƻƴ ƳŀǘǊƛȄ όw{ Ҧ ²{ύ ŦǊƻƳ ǎǳǊŦŀŎŜ ƴƻǊƳŀƭ ▪

ÅVector ▪and any non-parallel vector ╪define a plane (we assumethat the plane is 
passing through the origin)

ÅThis plane has normal ▫ such that ▫ ▪ ╪and by definition, the vector ▫ is 
perpendicular to ▪. The remaining question is how to construct such a vector ╪?

inline Vector3 orthogonal( const Vector3 & n )

{

return ( abs( n.x ) > abs( n.z ) ) ? Vector3 ( n.y , - n.x , 0.0f ) : Vector3 ( 0.0f, n.z , - n.y );

}

ÅThe remaining third axis can be computed as ▫ ▫ ▪yelding vector 
perpendicular to both ▫ and ▪

ÅNow we can construct a change-of-basis matrix Ὕ ᴼ that transforms vector in the 
reference (local) space (RS) to the world space (WS)
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▫ where ╪ πȟπȟρ ▫ where╪ ρȟπȟπ



Local Reference Frame

Ὕ ᴼ

ể ể ể
▫ ▫ ▪
ể ể ể

ÅInverse transformation can be computed as follows
Ὕ ᴼ Ὕ ᴼ

ÅMoreover, the matrix Ὕ ᴼ belongs to a special orthogonal group Ὓὕσ, also 
called the 3D rotation group (matrices of orthonormal basis) for which holds that 
ὗὗ Ὅfor every ὗᶰὛὕὲ. Also note that for any nonsingular ὃ: ὃὃ Ὅ

ÅThis property allows us to calculate the inversion of the transformation matrix 
using simpler (and faster) transposition

Ὕ ᴼ Ὕ ᴼ Ὕ ᴼ
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Tangent-Bitangent-Normal

Åὖ ὖ ▄ Ўό◄ Ўὺ╫

Åὖ ὖ ▄ Ўό◄ Ўὺ╫ ▄ȟand ◄, ╫are 3D row vectors

ÅЎό ὖ ὖ , Ўὺ ὖ ὖ

ÅЎό ὖ ὖ , Ўὺ ὖ ὖ ὖ
ȟ

are ό, resp. ὺ, texture coordinates ofὭ-th vertex

Χ ŀƴŘ ǿŜ want to solve for ◄and ╫Χ

Å
▄
▄

Ўό Ўὺ
Ўό Ўὺ

◄
╫

Å
◄
╫

Ўό Ўὺ
Ўό Ўὺ

▄
▄ Ў Ў Ў Ў

Ўὺ Ўὺ
Ўό Ўό

▄
▄
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Side note: Texture coordinates are interpolated linearly 
(barycentricinterpolation) across the triangle. Hence, 
the derivatives are all constant and we can calculate 
tangents/bitangentsper triangle.

Transformation matrix ὝὄὔO
ể ể ể
◄ ╫ ▪
ể ể ể



Tangent-Bitangent-Normal

ÅIt is not necessarily true that the tangent vectors ◄and ╫are 
perpendicular to each other or to the normal vector ▪

ÅWe may assume that these three vectors will be nearly orthogonal. 
Use Gram-Schmidt orthogonalizationproces to fix that

ÅTo find the tangent vectors for a single vertex, we average the 
tangents for all triangles sharing that vertex in a manner similar to the 
way in which vertex normalsare commonly calculated. In the case 
that the neighboring triangles have discontinuous texture mapping, 
vertices along the border are generally already duplicated since they 
have different mapping coordinates anyway. 
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The GramςSchmidt Process

ÅThe GramςSchmidt process works as follows

whereÐÒÏÊ◊○ ○ɇ◊◊
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Source: https://en.wikipedia.org/wiki/Gram%E2%80%93Schmidt_process



Tangent-Bitangent-Normal

ÅUsing this process, orthogonal(but still unnormalized) tangent 
vectors ◄and ╫are given by

◄ ◄ ◄ɇ▪▪

╫ ╫ ╫ɇ▪▪ ϳ╫ɇ◄◄◄

and the new Ὕὄὔmatrix takesthe form

ὝὄὔO
ể ể ể
◄ ╫ ▪
ể ể ể

Fall 2025 Fundamentals of Computer Graphics 95



Unified Normals
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ὲ

Ὠ

face

Incorrect flip cÏÎÄÉÔÉÏÎ
ὲɇπȟπȟρ ὲ π

Correct flip condition

ὲɇ Ὠ π

where Ὠ ὬὭὸ

Vertex shaderfile

layout ( location = 0 ) in vec 4 in_position_ms; // ( x, y, z, 1.0f )
layout ( location = 1 ) in vec3 in_normal_ms;
uniform mat4 mvn; // Model View 
uniform mat4 mvn; // Model View Normal
out vec3 unified_normal_es;
ƛ
void main( void )
{
ƛ
unified_normal_es = normalize(( mvn * vec4( in_normal_ms.xyz, 0.0f ) ).xyz);
vec4 hit_es = mv * in_position_ms; // mv * vec4( in_position_ms.xyz, 1.0f )
vec3 omega_i_es = normalize( hit_es.xyz / hit_es.w );
if ( dot( unified_normal_es, omega_i_es ) > 0.0f )
{

unified_normal_es *= - 1.0f;
}
ƛ

}

ὼ

Ƕᾀ

ὬὭὸ



Vertex Buffer

glGenVertexArrays ( 1, & vao_ );

glBindVertexArray ( vao_ );

glGenBuffers ( 1, & vbo_ ); // generate vertex buffer object (one of OpenGL objects) and get the unique ID corresponding to that buffer

glBindBuffer ( GL_ARRAY_BUFFER, vbo_ ); // bind the newly created buffer to the GL_ARRAY_BUFFER target

glBufferData ( GL_ARRAY_BUFFER, sizeof ( Vertex )* no_vertices , vertices, GL_STATIC_DRAW ); // copies the previously defined vertex data 
into the buffer's memory

// vertex position

glVertexAttribPointer ( 0, 3, GL_FLOAT, GL_FALSE, vertex_stride , ( void* )( offsetof ( Vertex, position ) ) );

glEnableVertexAttribArray ( 0 );

// vertex normal

glVertexAttribPointer ( 1, 3, GL_FLOAT, GL_FALSE, vertex_stride , ( void* )( offsetof ( Vertex, normal ) ) );

glEnableVertexAttribArray ( 1 );

ƛ

// material index

glVertexAttrib I Pointer ( 5, 1, GL_INT, vertex_stride , ( void* )( offsetof ( Vertex, material_index ) ) );

glEnableVertexAttribArray ( 5 );
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#pragma pack(push, 1)
struct Vertex
{

Vector3 position;
Vector3 normal;
Vector3 color;
Coord2f texture_coords;
Vector3 tangent;
int material_index{ 0 };
char pad[4]; // fill up to 64 B

};
#pragma pack (pop)



Bindless Textures

ÅClassical approach: bound texture to a texture unit (represented as an 
uniform variable, e.g. sampler2D, in shaders)
ÅThe number of textures is limited to the number of texture units supported by 

the OpenGL driver (at least 16)

ÅSpending time binding and unbinding textures between draw calls

ÅIf OpenGL reports support for GL_ARB_bindless_texture, we can get 
around these problems (Intel HD 630 with driver 23.20.16.4944+ )

ÅThis ext. allows us to get a handle for a texture and use that handle 
directly in shaders to refer the underlying texture
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Source: OpenGL SuperBible (7th edition)



Adding Extensions to OpenGL
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1. Visit https://glad.dav1d.de and fill it accroding the 
left image

2. Download the generated glad.zip
3. Replace all files in libs/glad directory
4. Rename glad.c to glad.cpp in libs/glad/src
5. Replace all includes in glad.cpp

#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <glad/glad.h>

with the following single line

#include "pch.h"



Bindless Textures

void CreateBindlessTexture ( GLuint & texture, GLuint64 & handle, const int width, const int height, const GLvoid * data ) 
{

glGenTextures( 1, &texture );

glBindTexture( GL_TEXTURE_2D, texture ); // bind empty texture object to the target 

// set the texture wrapping/filtering options 

glTexParameteri( GL_TEXTURE_2D, GL_TEXTURE_WRAP_S, GL_REPEAT );

glTexParameteri( GL_TEXTURE_2D, GL_TEXTURE_WRAP_T, GL_REPEAT );

glTexParameteri( GL_TEXTURE_2D, GL_TEXTURE_MIN_FILTER);

glTexParameteri( GL_TEXTURE_2D, GL_TEXTURE_MAG_FILTER, , GL_LINEAR_MIPMAP_LINEARGL_LINEAR );

// copy data from the host buffer

glTexImage2D( GL_TEXTURE_2D, 0, GL_SRGB, width , height , 0, GL_RGB, GL_UNSIGNED_BYTE, data ); // replace GL_SRGBwith
GL_RGBfor ( linear ) normal maps

glGenerateMipmap( GL_TEXTURE_2D );

glBindTexture( GL_TEXTURE_2D, 0 ); // unbind the newly created texture from the target

handle = glGetTextureHandleARB( texture ); // produces a handle representing the texture in a shader function

glMakeTextureHandleResidentARB( handle );

}
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Details on https://www.khronos.org/registry/OpenGL/extensions/NV/NV_bindless_texture.txt



Materials as SSBO with Bindless Textures

GLMaterial * gl_materials = new GLMaterial [ materials_.size ()];

int m = 0;
for ( const auto & material : materials_ )
{

auto tex_diffuse = material.second - >texture( Map:: kDiffuse );
if ( tex_diffuse )
{

GLuint id = 0;
CreateBindlessTexture ( id, gl_materials [m]. tex_diffuse_handle , tex_diffuse - >width(), tex_diffuse - >height(), tex_diffuse - >data() );
gl_materials [m].diffuse = Color3f( { 1.0f, 1.0f, 1.0f } ); // white diffuse color

}
else
{

GLuint id = 0;
GLubyte data[] = { 255, 255, 255, 255 }; // opaque white
CreateBindlessTexture ( id, gl_materials [m]. tex_diffuse_handle , 1, 1, data );
gl_materials [m].diffuse = material - >value( Map:: kDiffuse );

}
m++;

}

GLuint ssbo_materials = 0;
glGenBuffers ( 1, & ssbo_materials );
glBindBuffer ( GL_SHADER_STORAGE_BUFFER, ssbo_materials );
const GLsizeiptr gl_materials_size = sizeof ( GLMaterial ) * materials_.size ();
glBufferData ( GL_SHADER_STORAGE_BUFFER, gl_materials_size , gl_materials , GL_STATIC_DRAW );
glBindBufferBase ( GL_SHADER_STORAGE_BUFFER, 0, ssbo_materials );
glBindBuffer ( GL_SHADER_STORAGE_BUFFER, 0 );
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#pragma pack( push, 1 ) // 1 B alignment
struct GLMaterial
{

Color3f diffuse; // 3 * 4B
GLbyte pad0[4]; // + 4 B = 16 B
GLuint64 tex_diffuse_handle{ 0 }; // 1 * 8 B
GLbyte pad1[8]; // + 8 B = 16 B

};
#pragma pack( pop )

see http://www.catb.org/esr/structure-packing/

MTL file:

newmtlwhite_plastic
Pr0.5
Kd1.0 1.0 1.0
map_Kdscuffed-plastic6-alb.png
map_RMAplastic_02_rma.png
norm scuffed-plastic-normal.png



Materials as SSBO with Bindless Textures

Vertex Shader
#version 450 core
// vertex attributes
layout ( location = 0 ) in vec4 in_position_ms ;
layout ( location = 1 ) in vec3 in_normal_ms ;
layout ( location = 2 ) in vec2 in_texcoord ;
layout ( location = 3 ) in vec3 in_tangent ;
layout ( location = 4 ) in int in_material_index ;
// uniform variables
uniform mat4 mvp; // Model View Projection
uniform mat4 mvn; // Model View Normal (must be orthonormal)
// output variables
out vec3 unified_normal_es ;
out vec2 texcoord ;
flat out int material_index ;
void main( void )
{

// model - space - > clip - space
gl_Position = mvp * in_position_ms ;
// normal vector transformations
vec4 tmp = mvn * vec4( in_normal_ms.xyz , 1.0f );
unified_normal_es = normalize( tmp.xyz / tmp.w );
// 3ds max related fix of texture coordinates
texcoord = vec2( in_texcoord.x , 1.0f - in_texcoord.y );
material_index = in_material_index ;

}

Fragment Shader
#version 460 core
#extension GL_ARB_bindless_texture : require
#extension GL_ARB_gpu_shader_int64 : require // uint64_t
// inputs from previous stage
in vec3 unified_normal_es ;
in vec2 texcoord ;
flat in int material_index ;
struct Material
{

vec3 diffuse;
uint64_t tex_diffuse ;

};
layout ( std430 , binding = 0 ) readonly buffer Materials
{

Material materials[]; // only the last member can be unsized
array
};
// outputs
out vec4 FragColor ;
void main( void )
{

FragColor = vec4( materials[ material_index ]. diffuse.rgb *
texture( sampler2D( materials[ material_index ]. tex_diffuse ), 

texcoord ). rgb , 1.0f );
}
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From the previous slide
Χ
glBindBufferBase( GL_SHADER_STORAGE_BUFFER, 
0, ssbo_materials );
ƛ



PBR Materials as SSBO with Bindless Textures

Rasterizer::InitMaterials

#pragma pack( push, 1 ) // 1 B alignment
struct GLMaterial
{

Color3f diffuse; // 3 * 4 B
GLbyte pad0[4]; // + 4 B = 16 B
GLuint64 tex_diffuse_handle{ 0 }; // 1 * 8 B
GLbyte pad1[8]; // + 8 B = 16 B

Color3f rma; // 3 * 4 B
GLbyte pad2[4]; // + 4 B = 16 B
GLuint64 tex_rma_handle{ 0 }; // 1 * 8 B
GLbyte pad3[8]; // + 8 B = 16 B

Color3f normal; // 3 * 4 B
GLbyte pad4[4]; // + 4 B = 16 B
GLuint64 tex_normal_handle{ 0 }; // 1 * 8 B
GLbyte pad5[8]; // + 8 B = 16 B

};

#pragma pack( pop )

Structure packing really matters here. More datails on the 
std430layout rules can be found in OpenGL specification.

Fragment Shader

struct Material
{

vec3 diffuse; // (1,1,1) or albedo
uint64_t tex_diffuse; // albedo texture

vec3 rma; // (1,1,1) or (roughness, metalness, 1)
uint64_t tex_rma; // rma texture

vec3 normal; // (1,1,1) or (0,0,1)
uint64_t tex_normal; // bump texture

};

layout ( std430 , binding = 0 ) readonly buffer Materials
{

Material materials[];
};
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Note that the second 
option is chosen when 
the corresponding 
texture is not available



Bindless Textures on Intel IGPs

ÅAccording the GLSL spec, opaque types like 
sampler2D cannot be used in structures (although 
some drivers allow that ςe.g. NVidia)

ÅThe GL_ARB_gpu_shader_int64 extension is not 
available on Intel IGPs like HD 630 or Iris 645 thus 
we cannot simply replace sampler2D with uint64_t 
in Material structure

ÅAs a consequence, we have to use different 64-bit 
data type for our bindless texture handles

ÅFortunately, we can use uvec2data type instead

1. remove GL_ARB_gpu_shader_int64 extension
2. replace uint64_t with uvec2
3. cast uvec2 texture handle to sampler2D in texture 

function calls
4. C++ part of our code remains the same

Fragment Shader
#version 460 core
#extension GL_ARB_bindless_texture : require

ƛ

struct Material
{

vec3 diffuse;
//sampler2D tex_diffuse ; // not allowed by GLSL spec in structs
// uint64_t tex_diffuse ;    // not available on Intel IGPs
uvec2 tex_diffuse ;
ƛ

};

ƛ

vec3 diffuse = texture( sampler2D ( 
materials[ material_index ]. tex_diffuse ), texcoord ). rgb ;

ƛ
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Provoking Vertex

ÅIn case of flat shaded interpolants (e.g. material index), we have to 
specify from which vertex of a single primitive will be taken

ÅCall glProvokingVertexto set the desired mode which vertex is to be 
used as the provoking vertex
ÅGL_FIRST_VERTEX_CONVENTION

ÅGL_LAST_VERTEX_CONVENTION (default)
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Entity Component System (ECS) ςEnTT

ÅEnTTuses sparse-set-based component storage, which means components of the same type are 
stored contiguously in memory. This makes iteration over entities with certain components 
extremely fast τcritical for game loops and real-time systems like physics, rendering, and AI

ÅIt also allows operations without the overhead of virtual function calls or inheritance 
hierarchies

ÅEntities are just IDs, decoupled from data

ÅComponents are plain structsor classes

ÅSystems operate on views of entities that have specific components τno rigid inheritance tree 
needed

ÅUses C++11/14/17 features like variadictemplates, constexpr, and type-safe identifiers

ÅNo need for macros or code generation τeverything is compile-time type-checked

ÅSupports move semantics, so components can be moved efficiently without unnecessary copies
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https://github.com/skypjack/entt



Entity Component System (ECS) ςEnTT

ÅEnTTprovides on_construct, on_destroy, and on_updatesignals for components. This allows easy 
event-driven programming:

ÅTrigger initialization when a component is added

ÅClean up when an entity is destroyed

ÅReact to component changes efficiently

ÅWhileECS is naturally flat, EnTTsupports parent-child relationships, custom tags, and metadata

ÅYou can implement scene graphs, transform hierarchies, or grouped entities without breaking 
the ECS paradigm

ÅCoupled with views, this makes it easy to traverse complex entity relationships efficiently

ÅLightweight and header-only τeasy to integrate into any engine

ÅWell-maintained and widely used, with a strong community
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https://github.com/skypjack/entt



Constructors

struct Mesh {

Mesh() // explicit constructor with no parameters, e.g. Mesh a; calls this constructor

Mesh( const Mesh & mesh ) // explicit copy constructor, e.g. Mesh b = a; calls this constructor

Mesh( Mesh && ) noexcept = default; // forces implicit move constructor (because a copy constructor, a copy 
assignment operator, a destructor (even if default but user - provided), or a move constructor / assignment 
operator prevent the implicit move constructor),
e.g. Mesh a = make_mesh(); or Mesh b = std ::move( a ); calls this constructor

Mesh & operator=( const Mesh & ) = delete; // removes implicit copy assignment operator,
e.g. b = a; calls this operator

Mesh & operator=( const Mesh & a ) // re - enable implicit copy assignment operator

Mesh & operator=( Mesh && ) = delete; // delete copy assignment operator

Mesh & operator=( Mesh && a ) // re - enable implicit move assignment operator,
e.g. b = std ::move( a ) calls this operator

~Mesh() // explicit destructor

};
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Transparency/Opacity

ÅThere are basically two options:

ÅAlpha blending, which is order-dependent- opaque objects are rendered first, then semi-
transparent objects are rendered from back to front as seen by the camera

glEnable ( GL_BLEND );
glBlendFunc ( GL_SRC_ALPHA, GL_ONE_MINUS_SRC_ALPHA );

A detaileddescriptionof the function that blends incoming (source) RGBA values with RGBA values 
that are already in the frame buffer (destination values) canbe foundhere
https://registry.khronos.org/OpenGL-Refpages/gl4/html/glBlendFunc.xhtml

ÅAlphato coverage, whichisbasedon MSAA and isorder-independent

glDisable ( GL_BLEND );
glEnable ( GL_SAMPLE_ALPHA_TO_COVERAGE );

This approach is more suitable for things like rendering vegetation, while alpha blending is more 
suitable for color transparency, as can be seen, for example, in stained glass windows
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Transparency/Opacity
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Randomnesson GPU

ÅA very simpleone-liner

float rand( const vec2 co) {

return fract (sin(dot(co , vec2( 12.9898f, 78.233f ))) * 43758.5453f);

}

One problem with this method is that, due to the sine function, it can return different results on 
different hardware devices, another problem is the non-uniformity of the resulting distribution

Source: https://stackoverflow.com/questions/4200224/random-noise-functions-for-glsl
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Randomnesson GPU

ÅA slightly more sophisticated method
// a single iteration of Bob Jenkins' One - At - A- Time hashing algorithm

uint hash( uint x ) {

x += ( x << 10u );
x ^= ( x >>  6u );
x += ( x <<  3u );
x ^= ( x >> 11u );
x += ( x << 15u );
return x;

}

// construct a float with half - open range [0:1] using low 23 bits
// all zeroes yields 0.0, all ones yields the next smallest representable value below 1.0

float floatConstruct ( uint m ) {

const uint ieeeMantissa = 0x007FFFFFu; // binary32 mantissa bitmask
const uint ieeeOne      = 0x3F800000u; // 1.0 in IEEE binary32

m &= ieeeMantissa ;                     // keep only mantissa bits (fractional part)
m |= ieeeOne;                          // add fractional part to 1.0

float f = uintBitsToFloat ( m );       // range [ 1:2]
return f - 1.0;                        // r ange [0:1 ]

}

// pseudo- random value in half - open range [0:1 ]

float rand ( const float x ) {

return floatConstruct ( hash( floatBitsToUint ( x ) ) );

}

Source: https://stackoverflow.com/questions/4200224/random-noise-functions-for-glsl
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Shadow Mapping

ÅShadows are important for realism as they create a sense of depth

ÅTwo common real-time techniques: Shadow Volumes and Shadow Mapping

ÅUnfortunately, a perfect shadow algorithm doesn't exist yet and some artifacts 
are unavoidable

ÅSM can handle spot lights, directional lights, and omni lights with cube mapping

ÅSM is quite simple to implement (but not that simple like shadow rays in RT)

ÅIn terms of implementation, SM consists of two passes

ÅFirst pass ςdepth (or shadow) map is generated from the light's perspective

ÅSecond pass ςthe scene is rendered with shadow mapping (i.e. shadowing of 
every fragment is determined based on the depth map from the first pass)
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Shadow Mapping

ÅThe basic idea of the shadow mapping is similar to shadow rays in RT

ÅIf we render the scene from the perspective of the light source then everything 
we see from that light is lit and everything else is in shadow

ÅMore elaborated scheme of the shadow mapping algorithm is on the slide with 
the second pass description
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lit

light source view volume

unlit



Shadow Mapping

ÅBefore we can start, we have to prepare our Rasterizer class a bit

Class Rasterizer {
ƛ
public:

void InitShadowDepthbuffer (); // initialize shadow (depth) map texture and framebuffer for the first pass

private:
int shadow_width _{ 1024 }; // shadow map resolution
int shadow_height _{ shadow_width _ };
GLuint fbo_shadow_map_{ 0 }; // shadow mapping FBO
GLuint tex_shadow_map_{ 0 }; // shadow map texture
GLuint shadow_program_{ 0 }; // collection of shadow mapping shaders

};
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Shadow Mapping

ÅInit shadow map texture as a depth component of a new framebuffer
rasterizer.cpp

void Rasterizer:: InitShadowDepthbuffer () // must be called before we enter the main render loop
{

glGenTextures ( 1, & tex_shadow_map_ ); // texture to hold the depth values from the light's perspective
glBindTexture ( GL_TEXTURE_2D, tex_shadow_map_ );

// GL_DEPTH_COMPONENT ... each element is a single depth value. The GL converts it to floating point, multiplies by the signe d scale
// factor GL_DEPTH_SCALE (1), adds the signed bias GL_DEPTH_BIAS (0), and clamps to the range [0, 1] Ƶ this will be important later

glTexImage2D( GL_TEXTURE_2D, 0, GL_DEPTH_COMPONENT, shadow_width _, shadow_height _, 0, GL_DEPTH_COMPONENT, GL_FLOAT, 0 );
glTexParameteri ( GL_TEXTURE_2D, GL_TEXTURE_MAG_FILTER, GL_LINEAR );
glTexParameteri ( GL_TEXTURE_2D, GL_TEXTURE_MIN_FILTER, GL_LINEAR );
glTexParameteri ( GL_TEXTURE_2D, GL_TEXTURE_WRAP_S, GL_CLAMP_TO_BORDER );
glTexParameteri ( GL_TEXTURE_2D, GL_TEXTURE_WRAP_T, GL_CLAMP_TO_BORDER );
const float color[] = { 1.0f, 1.0f, 1.0f, 1.0f }; // areas outside the light's frustum will be lit
glTexParameterfv ( GL_TEXTURE_2D, GL_TEXTURE_BORDER_COLOR, color );
glBindTexture ( GL_TEXTURE_2D, 0 );

glGenFramebuffers ( 1, & fbo_shadow_map_ ); // new frame buffer
glBindFramebuffer ( GL_FRAMEBUFFER, fbo_shadow_map_ );
glFramebufferTexture2D( GL_FRAMEBUFFER, GL_DEPTH_ATTACHMENT, GL_TEXTURE_2D, tex_shadow_map_, 0 ); // attach the texture as depth
glDrawBuffer ( GL_NONE ); // we don't need any color buffer during the first pass
glBindFramebuffer ( GL_FRAMEBUFFER, 0 ); // bind the default framebuffer back

}
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// this is only for depth map debug
GLuint rbo_color ;
glGenRenderbuffers ( 1, & rbo_color );
glBindRenderbuffer ( GL_RENDERBUFFER, rbo_color );
glRenderbufferStorage ( GL_RENDERBUFFER, GL_RGBA8,
shadow_width _, shadow_height _ );

glFramebufferRenderbuffer ( GL_FRAMEBUFFER, GL_COLOR_ATTACHMENT0,
GL_RENDERBUFFER, rbo_color );



Shadow Mapping

Vertex shader
#version 460 core
// vertex attributes
layout ( location = 0 ) in vec4 in_position_ms ;

// uniform variables
// Projection ( P_l )*Light ( V_l )*Model (M) matrix
uniform mat4 mlp;

void main( void )
{

gl_Position = mlp * in_position_ms ;
}

Fragment shader
#version 460 core

void main( void )
{

// by default the z component of gl_FragCoord is assigned 
to gl_FragDepth so we don't have to do anything here

// gl_FragDepth = gl_FragCoord.z ;

// depth map debug
gl_FragColor = vec4(vec3( gl_FragCoord.z ), 1.0f);

}
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First pass (shaders)

// save shadow map after depth pass completion
Texture4f shadow_map( shadow_width_, shadow_height_ );
glReadBuffer( GL_COLOR_ATTACHMENT0 );
glReadPixels( 0, 0, shadow_width_, shadow_height_ ,
GL_BGRA, GL_FLOAT, shadow_map.data() );

shadow_map.Save("shadow_map.exr");



Shadow Mapping

rasterizer.cpp
// --- first pass ---
// set the shadow shader program and the viewport to match the size of the depth map
glUseProgram ( shadow_program_ );
glViewport ( 0, 0, shadow_width _, shadow_height _ );
glBindFramebuffer ( GL_FRAMEBUFFER, fbo_shadow_map_ );
glClear ( GL_DEPTH_BUFFER_BIT );

// set up the light source through the MLP matrix
Matrix4x4 mlp = BuildMLPMatrix ();
SetMatrix4x4( shadow_program_, mlp.data (), " mlp" );

// draw the scene
glBindVertexArray ( vao_ );
glDrawArrays ( GL_TRIANGLES, 0, no_triangles _ * 3 );
glBindVertexArray ( 0 );

// set back the main shader program and the viewport
glBindFramebuffer ( GL_FRAMEBUFFER, 0 );
glViewport ( 0, 0, camera_.width (), camera_.height () );
glUseProgram ( shader_program _ );
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First pass (rendering loop)



Shadow Mapping
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Second pass

Coordinates of point ╪in light's clip space
╪ ὖὠὓ╪

Texture coordinates of point ╪in depth map
╪ ╪ Ȣὼώ ρȾς

Note that ╪ Ȣὼώ ╫ Ȣὼώand ╪ Ȣᾀ ╫ Ȣᾀ

shadow_map╪ ╪ ȢᾀO ╪is lit

In case of point ╫
shadow_map╫ ╫ ȢᾀO ╫is in shadow

depth (shadow) map
nearplane near plane

eye

point light (ὖ, ὠ)

(lit) ╪

(unlit) ╫

ὓ

╪ Ȣὼώ ╫ Ȣὼώ

far plane

depth map far plane

╪ Ȣᾀ

╫ Ȣᾀ

Pseudo depth from perspective projection

here is the catch aka acne artefacts

Perspective (resp. orthographic) projection matrix 
of a spot light (resp. directional) light source

View matrix of a light source

ὰὧίΧ light clipspace
ὸίΧ texture space



Shadow Mapping

Vertex shader
#version 460 core
// vertex attributes
layout ( location = 0 ) in vec4 in_position_ms ;
ƛ

// uniform variables
// Projection ( P_l )*Light ( V_l )*Model (M) matrix
uniform mat4 mlp;

// output variables
out vec3 position_lcs ; // this is our point a (or b) in lcs

void main( void )
{
ƛ
tmp = mlp * vec4( in_position_ms.xyz , 1.0f );
position_lcs = tmp.xyz / tmp.w;
ƛ

}

Fragment shader
#version 460 core
ƛ
// inputs from previous stage
in vec3 position_lcs ;

uniform sampler2D shadow_map; // light's shadow map

void main( void )
{
ƛ
// convert LCS's range < - 1, 1> into TC's range <0, 1>
vec2 a_tc = ( position_lcs.xy + vec2( 1.0f ) ) * 0.5f;
float depth = texture( shadow_map, a_tc ).r;
// (pseudo)depth was rescaled from < - 1, 1> to <0, 1>
depth = depth * 2.0f - 1.0f; // we need to do the inverse
float shadow = ( ( depth + bias >= position_lcs.z )? 1.0f 

: 0.25f ); // 0.25f represents the amount of shadowing
ƛ
vec3 L_o = ( k_D * L_r_D + ( k_S * brdf_integr.x + 

brdf_integr.y ) * L_r_S ) * ao * shadow;
ƛ

}
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Second pass (shaders; only new lines are shown)



Shadow Mapping

rasterizer.cpp
// --- second pass ---
ƛ
// everything is the same except this line
SetMatrix4x4( shader_program _, mlp.data (), " mlp" );
// and also don't forget to set the sampler of the shadow map before entering rendering loop
glActiveTexture ( GL_TEXTURE3 );
glBindTexture ( GL_TEXTURE_2D, tex_shadow_map_ );
SetSampler ( shader_program _, 3, " shadow_map" );
ƛ
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Second pass (rendering loop)

glutils.cpp

void SetSampler ( const GLuint program, GLenumtexture_unit , const char * sampler_name ) {
const GLint location = glGetUniformLocation ( program, sampler_name );

if ( location == - 1 ) {
printf ( "Texture sampler '%s' not found in active shader . \ n", sampler_name );

} else {
glUniform1i( location, texture_unit );

}
}

Fragment shader
ƛ
uniform sampler2D shadow_map;
ƛ



Shadow Mapping

Fall2025 Fundamentals of ComputerGraphics 122

ÅDepth (shadow) map of a spot light consists of 
(pseudo)depths of scene points as viewed from 
the perspective of lights viewing frustum

ÅEven for float depth maps holds that we introduce 
some small error (‐) which will exhibit as randomly 
scattered lit/unlit patches (acne artefact)

ÅThis can be partially fixed by introducing a small 
bias such that the fragments are not incorrectly 
considered below the surface

shadow_map╪ ὦὭὥί╪ ȢᾀO ╪is lit

ÅAnd how much is the bias? Well, it depends on 
many factors, try πȢππρ. Also note that the 
resolution of the depth map matters.

╪ Ȣᾀ ‐

1024Ҏ1024 pxof float depth mapό, ὼ

ὺ, ώ

όΣὼ

ώ GL_UPPER_LEFT

GL_LOWER_LEFT

Note that the NDC of the viewport does not match 
texture coordinates of the attached depth component if 
GL_UPPER_LEFT clip control origin is used thus use 
GL_LOWER_LEFT instead



Shadow Mapping
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Shadow map
1024Ҏ1024 px

No bias
No PCFAcne artefacts



Shadow Mapping
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Shadow map
1024Ҏ1024 px

Bias 0.001
No PCFAcne artefacts significantly reduced but still prevail around edges



Shadow Mapping

ÅAnother option how to (partially) tackle with artefacts is to involve some sort of shadow 
map filtering, e.g. percentage-closer filtering (PCF)

Fragment shader
ƛ
vec2 shadow_texel_size = 1.0f / textureSize ( shadow_map, 0 ); // size of a single texel in tex coords
const int r = 2; // search radius, try different values
float shadow = 0.0f; // cumulative shadowing coefficient
for ( int y = - r; y <= r; ++y ) {

for ( int x = - r; x <= r; ++x ) {
vec2 a_tc = ( position_lcs.xy + vec2( 1.0f ) ) * 0.5f;
a_tc += vec2( x, y ) * shadow_texel_size ;
float depth = texture( shadow_map, a_tc ).r;
depth = depth * 2.0f - 1.0f;
shadow += ( depth + bias >= position_lcs.z )? 1.0f : 0.25f );

}
}
shadow *= ( 1.0f / ( ( 2 * r + 1 ) * ( 2 * r + 1 ) ) ); // compute mean shadowing value
// use the shadow value as in the case of non - pcf code
ƛ

Fall2025 Fundamentals of ComputerGraphics 125



Shadow Mapping
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Shadow map
1024Ҏ1024 px

Bias 0.001
PCF 3Ҏ3PCF further reduces acne artefacts and softens hard-edged shadows



Shadow Mapping
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Shadow map
4096Ҏ4096 px

Directional light 
(orthogonal projection)

Near = 20
Far = 250

Shadow diameter = 50

Bias 0.001
PCF 5Ҏ5



Shadow Map Artifacts

ÅPerspective aliasing - occurs when the mapping of pixels in view space to texels
in the shadow map is not a one-to-one ratio. Near the eye, the pixels are closer 
together, and many pixels map to the same shadow texels. Partial solutions are 
PSMs, LSPSMs, and LogPSMs, better solution are CSMs.

ÅProjective aliasing - occurs when the mapping between texelsin camera space to 
texelsin light space is not a one-to-one ratio, e.g. the tangent plane of the 
geometry becomes parallel to the light rays.

ÅShadow acne and erroneous self-shadowing

ÅPeter Panning - shadows appear to be detached from and to float above the 
surface when there is insufficient precision in the depth buffer. Calculating tight 
near planes and far planes may help.
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Source: https://docs.microsoft.com/en-
us/windows/win32/dxtecharts/common-
techniques-to-improve-shadow-depth-maps



Cascaded Shadows Maps

ÅView frustum is covered with multiple shadow frustums

ÅSince shadow maps have the same resolution, the density of shadow 
map pixels goes down as we move away from the viewpoint
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LightFrustum1/8 ςWhichPart of Sceneis in 
Camera'sFieldof View?
Å1. Computethe eightcornersof the viewfrustumin cameraspace

ÅFirstcorner╬ ὼȟώȟᾀ where

ὼ ÔÁÎ ὲ,  ώ ÔÁÎ ὲ,  ᾀ ὲ

ÅThe remaining sevencornersare calculatedin the same way
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LightFrustum2/8 ςWhichPart of Sceneis in 
Camera'sFieldof View?
Å2. Transformthe viewfrustumcornersfrom cameraspaceto world space

ÅFirstcorner╬

╬ȟ ὠ ╬ȟ where ὠis the cameraviewmatrix

ÅThe remaining sevencornersare transformedin the same way
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LightFrustum3/8 ςWhichPart of Sceneis in 
Camera'sFieldof View?
Å3. Transformthe viewfrustumcornersfrom world spaceto light space

ÅFirstcorner╬

╬ȟ ὒ╬ȟ where ὒis the light viewmatrix

ÅNote that the matrix ὒis constructed in the same way

as the camera view matrix ὠ

ÅThe remaining sevencornersare transformedin the same way
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LightFrustum4-6/8 ςCoverCamera'sFieldof 
View by Light'sFieldof View
Å4. Findthe AABB of the viewfrustumcornersin light space

Å5. Computethe positionof the light source in light space
╪ ὥὥὦὦȢάὭὲȟȟὥὥὦὦȢάὭὲȟὥὥὦὦȢάὭὲ
╫ ὥὥὦὦȢάὥὼȟὥὥὦὦȢάὥὼȟὥὥὦὦȢάὭὲ

■
╪ ╫

ς
ȟρ

Å6. Transformlight source positionfrom light spaceto world space
■ ὒ ■
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LightFrustum7-8/8 ςCoverCamera'sFieldof 
View by Light'sFieldof View
Å7. Recomputethe light viewmatrix ὒwith the updatedlight source position■

(the light directionvectorand the up vectorare the sameas in the first case) and 
transformthe viewfrustumcornersfrom world spaceto updatedlight space

╬ ȟ ὒ╬ ȟ

Å8. Recomputethe AABB of the viewfrustumcornersin light spaceto obtain the
boundariesfor constructingthe light orthographicprojectionmatrix
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LightFrustumςDetailedDescription

Motivation: Thegoalof the methoddescribedhere is to makeoptimal useof the finite resolutionof the depth
mapcreatedduring the first pass. Optimalresult is achievedby finding a frustum for the directionallight that
coversthe camera'sview frustum as tightly as possible. The fixed input parametersof the method are the
cameraparametersandthe directionvectorof the directionallight.

Method: It is clear that the first unknownis the origin of the light space,which lies in the center of the near
planeof the light's frustumfulfilling the mentionedcriterion. Theoriginmustbe dynamicallyshifteddepending
on the position of the cameraso that the light's frustum alwayswraps the view frustum of the camera. We
constructthe light volumeusingan AABBcreatedaroundthe cornerpointsof the camera'sfrustum expressed
in light space. Note that the resultingAABBisalignedwith the light spaceaxes. Wecaneasilycalculatethe new
origin of light spaceasthe centerof the diagonalconnectingthe bottom-left and top-right cornersof the near
planeof the light's frustum. Theorigin of the light is now expressedin our temporary light space. Thisspace
hasthe correct rotation (derivedfrom the direction vector of the directional light), but the wrong translation
(temporary placement of the center of the light regardlessof the camera position). We will correct the
translationusingthe calculatedcenter of the near plane of the new light frustum, which we will convert to
world spaceusingthe inverseof light matrix. Thiswill giveusthe desiredoptimal centerof the directionallight,
whichwe will then useto obtain a new light matrix (light directionandup vectorsare the same). Wetransform
the verticesof the camera'sview frustum expressedin world spaceusingthe newlycalculatedlight matrix into
a new light space(in which the centerof the light sourceis locatedat 0). We recalculatethe AABBaroundthe
camera'sview frustum in the new light spaceand, basedon the obtained boundaries,we can now directly
create a matrix for an orthographicparallel viewing volume of the directional light which tightly coversthe
camera'sviewfrustum.
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LightFrustumςTechnicalDetails

ÅNote that due to the negativeorientation of the ᾀ axis, the nearplane of the
light's frustumequalsto ὥὥὦὦȢÍÁØȢᾀ πand the far plane equalsto 
ὥὥὦὦȢÍÉÎȢᾀ π

ÅOrthographicprojectionmatrix canbebuild by glm::orthoRH_NOfunction

glm:: orthoRH_NO( left : aabb.min ().x, right : aabb.max().x, bottom : aabb.min ().y, 
top: aabb.max().y, zNear: near_plane _, zFar : far_plane _ );
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ShadowMappingResults
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PBR Workflow

ÅPhysically-based material workflows:
ÅMetallic-Roughness workflow
Å.ŀǎŜ ŎƻƭƻǊ όŀƭōŜŘƻύ ґ ŘƛŦŦǳǎŜ is represented as a color map without any lighting in the 

range 30-240 sRGB(for dielectrics) or pure black color (for conductors)

ÅMetalicityƛǎ ǘȅǇƛŎŀƭƭȅ ŀ ōƛƴŀǊȅ όƻǊ ƭƛƴŜŀǊƭȅ ƛƴǘŜǊǇƻƭŀǘŜŘ ƎǊŀȅǎŎŀƭŜύ ǘŜȄǘǳǊŜ ŎƻƴǘŀƛƴƛƴƎ лΨǎ 
όŘƛŜƭŜŎǘǊƛŎǎύ ŀƴŘ мΨǎ όƳŜǘŀƭǎύ

ÅRoughnessςa grayscale linear texture in the range 0 (smooth) and 1 (rough)

ÅSpecular-Glossinesworkflow
ÅDiffuse(Albedo) ςRGB map

ÅSpecularςRGB map

ÅGlossinesςa grayscale linear texture that describes the surface irregularities that cause 
light diffusion. It is the inverse of the roughness map
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Filament PBR Materials
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Unity PBR Materials
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PBR Textures and Materials

ÅOn-line sources of free seamless PBR textures with Diffuse, Normal, 
Displacement, Occlusion, Specularityand Roughness maps:
Åhttps://cc0textures.com

Åhttps://texturehaven.com

Åhttps://www.poliigon.com

Åhttps://freepbr.com

Åhttps://3dtextures.me
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Geometry Shader

ÅGeometry shaders process each incoming primitive returning zero or more output 
primitives

ÅAdditional topologies that geometry shaders made available

GL_LINES_ADJACENCY

GL_LINE_STRIP_ADJACENCY

GL_TRIANGLES_ADJACENCY

GL_TRIANGLE_STRIP_ADJECENCY

Sources: https://www.khronos.org/opengl/wiki/Rendering_Pipeline_Overview

https://www.khronos.org/opengl/wiki/Geometry_Shader
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GS is core in 4.6. While geometry shaders have had previous extensions 
like GL_EXT_geometry_shader4 and GL_ARB_geometry_shader4, these 
extensions expose the API and GLSL functionality in very different ways



Geometry Shader Inputs

ÅGeometry shaders provide the following built-in input variables for vertices

in gl_PerVertex {

vec4 gl_Position ; // meaning is given by prior stages

float gl_PointSize ;

float gl_ClipDistance [];

} gl_in [];

ÅThere are also input values based on primitives

Ågl_PrimitiveIDIn- the current input primitive's ID, based on the number of primitives 
processed by the GS since the current drawing command started

Ågl_InvocationID- the current instance, as defined when instancing geometry shaders
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Geometry ShaderInputs

ÅEach input variable becomes an array, with one element per vertex in the input primitive

layout( triangles ) in ;

in VS_OUT {

vec3 normal ;

vec2 tex_coord ;

} gs_in [] ; // sized automatically based on layout(triangles)

Fall 2025 Fundamentals of Computer Graphics 145



Geometry Shader Outputs

ÅGeometry shaders provide the following built-in output variables for vertices

out gl_PerVertex {

vec4 gl_Position ; // t he clip-space output position of the current vertex

float gl_PointSize ;

float gl_ClipDistance [];

};

Åand there are also output values gl_PrimitiveID, gl_Layer, and gl_ViewportIndex

ÅFor additional information consult
https://www.khronos.org/opengl/wiki/Built-in_Variable_(GLSL)
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Geometry ShaderOutputs

ÅAll outputsmustbeset manually(normal, tex_coord, etc.) before calling 
EmitVertex()

layout ( triangle_strip , max_vertices = 3 ) out ;

out GS_OUT {

vec3 normal;

vec2 tex _coord ;

} gs_out ;
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Geometry ShaderOutputs

ÅExampleof a simple throughput geometry shaderΧ

void main() {

// emit each vertex of the triangle

for ( int i = 0; i < 3; ++i ) {

gl_Position = gl_in [i]. gl_Position ;

gs_out.normal = gs_in [i]. normal ;

gs_out.tex_coord = gs_in [i]. tex_coord ;

EmitVertex ();

}

EndPrimitive ();

}
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Geometry Shader Sample Code

#version 460 core

layout ( triangles_adjacency ) in;

layout ( triangle_strip , max_vertices = 6 ) out;

uniform mat4 mvp; // (Model) View Projection matrix

void main() {

// built - in input variable (array) gl_in []. gl_Position is expected to contain world - space coordinates of triangle (and adjacent) vertices

// in this example, GL_TRIANGLES_ADJACENCY is expected

const vec3 v0 = gl_in [0]. gl_Position.xyz ;

const vec3 v1 = gl_in [2]. gl_Position.xyz ;

const vec3 v2 = gl_in [4]. gl_Position.xyz ;

// generate the first triangle

gl_Position = mvp * v0; // we should end up with t he clip-space output position of the current vertex here

EmitVertex ();

gl_Position = mvp * v1;

EmitVertex ();

gl_Position = mvp * v2;

EmitVertex ();

EndPrimitive ();

// generate the second triangle 10 units above the first one

gl_Position = mvp * ( v0 + vec4( 0.0f, 0.0f, 10.0f, 0.0f ) );

EmitVertex ();

gl_Position = mvp * ( v1 + vec4( 0.0f, 0.0f, 10.0f, 0.0f ) );

EmitVertex ();

gl_Position = mvp * ( v2 + vec4( 0.0f, 0.0f, 10.0f, 0.0f ) );

EmitVertex ();

EndPrimitive ();

}
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VS
GS

vertex shader
#version 460 core
layout ( location = 0 ) in vec4 in_position_ms ;

void main( void ) {
gl_Position = in_position_ms ;

}

Input layout qualifier: points, lines, lines_adjacency, triangles or triangles_adjacency

Output layout qualifier: points, lines_stripor triangles_strip

Maximum number of emitted vertices

fragment shader
#version 460 core
layout ( location = 0 ) out vec4 FragColor ;

void main( void ) {
FragColor = vec4( 0.0f, 0.0f, 1.0f, 1.0f );

}


